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We examine the ratio of the decay rate of thginto light hadrons to the decay rate into photons and find
that most of the large next-to-leading-ordBi_O) correction is associated with running of the strong coupling
as. We resum such contributions by analyzing final-state chains of vacuum-polarization bubbles. We show that
the nonperturbative parts of the bubble chains can be absorbed into a color-octet matrix element, once one has
used contour deformations of the phase-space integrals to cancel certain contributions. We argue that these
contributions are incompatible with the uncertainty principle. We also argue that perturbation theory is reliable
only if one carries out the phase-space integrations before the perturbation summation. Our results are in good
agreement with experiment and differ considerably from those that one obtains by applying the scale-setting
method of Brodsky, Lepage, and Mackenzie to the NLO result.
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[. INTRODUCTION tive orderv?. However, there is still the potential for renor-
malon ambiguities associated with final-state corrections to
In this paper we consider the decay of the heavy quarkoappear.
nium 7, into light hadrons. According to the analysis of Ref. ~ Through next-to-leading order ?, the ratioR is given
[1], the decay rate is given by the nonrelativistic quantumby the ratio of the short-distance coefficients of the leading-
chromodynamic§NRQCD) factorization formula order operator§l]. Through next-to-leading ord¢NLO) in
ag, one obtaing5s,6]

T(n.—LH)= E = <nc|(9 7). (@D 199 1372 8 |a
me? RMO(u) =Ro(p)| 14| == 5~ §nf)—sff)
Here, m. is the charm-quark mass, tlt@, are operators in 2
NRQCD with mass dimensiod,,, and 2 Imfn/mg“*4 is a +2ay(u)BoIn W} (1.2
short-distance coefficient. A similar formula applies for the ¢
electromagnetic decay.— yvy. where
In general, there are difficulties in obtaining accurate re-
sults from the factorization formulél.1). The sum is an 81C, a?( 1)
expansion in powers of the heavy-quark—antiquark relative Ro( )= FAsI K , (1.3
velocity v. Only the first few operator matrix elements in 32N a?

that sum are known at all, and they are not known very
accurately. The short-distance coefficients may, in principlem, is the pole mass of the charm quark,is the number of
be computed in perturbation theory. However, the perturbalight quarks ;=3 for charmoniuny 8, is the leading co-
tion series is only asymptotic. In particular, it exhibits a fac-efficient of the beta function, witiB,=(33—2n;)/(127),
torial growth that is associated with the presence of renormaand, in QCD,N.=3, andCr=4/3.
lon singularities in its Borel transforfi2]. Such singularities Setting the factorization scaje equal to 2n, and taking
give rise to ambiguities in the evaluation of the perturbationy(2m,)=0.247, one finds that
series.

One can avoid some of these difficulties by considering RNLO(2m,)=2.1x 1C°. (1.9
the ratio of the decay rate fop. into light hadrons to the
decay rate fory into two photons. We denote this ratio by This is to be compared with the world-average experimental
R In R, the dependences of the decay rates on the operatgalue[7]
matrix elements cancel in leading orderinand the correc-
tions of relative orden? also cancef1]. These cancellations REXP=3 3+ 1.3x 10°. (1.5
occur because, aside from an overall color factor, the tree-
level Feynman diagrams f@Q—gg andQQ— yy are the  However, the next-to-leading-order QCD correction is quite
same. One consequence of these cancellations is that rentarge. Forag(2m.)=0.247, it is about 1.1 times the leading-
malon ambiguities associated with initial-state virtual-gluonorder term. Hence, there is some question as to the reliability
corrections also cancgB,4] at the level of accuracy of rela- of the perturbation expansion.
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Furthermore, the dependence on the factorization scale i85 are contained in the quark and gluon vacuum-polarization
large. For example, taking =m,, with ag(m;)=0.350, we diagrams. It turns out that the background-field-gauge

obtain method gives numerical results that are close to those of the
NNA method.
RM-9(m,)=5.0x 10°, (1.6 Vacuum-polarization insertions first appear, in relative or-
o der ag, in the final-state gluon legs. Therefore, in order to
which is a factor of 2.4 larger thaR""°(2m). resum the leading bubble-chain corrections, we need con-

One popular choice of scale is that given by the Brodskysider only vacuum-polarization bubble chains in the two
Lepage-MackenziéBLM) method[8]. In this approach, all  final-state gluon legs. By “leading bubble-chain correc-
terms proportional ta; are absorbed into the running cou- tions,” we mean those corrections that contain one power of
pling a¢(«). For R, one obtainsug y~0.52n; [8]. This  the large coefficient in the second term in square brackets in
yields a next-to-leading-order coefficient that is only aboutEq. (1.8) for each power ofx.

0.5 times the leading-order coefficient. However, The integrals over the final-state phase space include re-
gions in which the constituents of the vacuum-polarization
RSO g m) =9.9x 1C°, (1.7  diagrams(quarks or gluonshave a small invariant mass.

Hence, the calculation is, in principle, sensitive to nonpertur-
which is much larger than either the theoretical resulirat bative contributions. In the bubble-chain series, this sensitiv-
=2m, or the experimental value. ity may manifest itself as a factorial growth that is charac-

We can gain some insight into the origins of the largeteristic of the presence of renormalon singularities in the
next-to-leading-order correction and the strong scale deperBorel transform of the series.

dence by re-writing Eq(1.2) as follows: In the case of a single chain of vacuum-polarization
) bubbles, we show, by making use of a contour-deformation
RNLO( 1) =Ry (p)! 1+ 3_7_ 13w argument in the complex invariant-mass plane, that the low-
B LM 2 8 virtuality contributions, and, hence, the factorial growth, can-
) cel when one carries out the phase-space integration before
16 s as(u) carrying out the perturbation summation. Somewhat surpris-
3 4mg ingly, even when factorial growth in the series cancels, there

is an ambiguity that arises in the bubble-chain series: one

In the next-to-leading-order correction, the first term inobtains different results, depending on whether one carries
square brackets has a value of about 2.46, while the terut the perturbation summation before the phase-space inte-
16mBy/3 has a value of 12. Hence, we see that most of thgyration, or vice versa. We argue that the perturbation series is
large next-to-leading-order correction is proportionalgg  reliable only when one carries out the phase-space integra-
That is, it arises from the one-loop corrections associategion first.
with the running ofas. For the more general case of two bubble chains, there is a

This suggests that we control the large next-to-leadingtrue sensitivity to the low-virtuality region, even after
order correction by resumming, to all orders in perturbationcontour-deformation arguments have been applied. Indeed,
theory, the contributions associated with the one-loop runthe perturbation series exhibits a factorial growth that is
ning of a. Such a resummation would have the added beneharacteristic of the presence of renormalon singularities in
efit of reducing the scale sensitivity, since the resummed corits Borel transform. We show that the low-virtuality contri-
tribution would be invariant under a change of scale, asidéutions can be identified with contributions to the decay rate
from two-loop corrections to the running afs. Unfortu-  that arise from the matrix element of a color-octet NRQCD
nately, there is some arbitrariness in the resummation proc@perator. Hence, by taking into account the color-octet con-
dure. The contributions to the running af that arise from tribution, one can systematically remove the low-virtuality
quark loops are contained entirely in chains consisting ofegion from the perturbative calculation. In this analysis,
quark vacuum-polarization bubbles connected by gluorcontour deformation arguments are crucial to demonstrate
propagators. However, the contributions that arise fronthe cancellation of certain low-virtuality contributions that
gluon loops may, depending on the gauge, be associated witlo not correspond to matrix elements of NRQCD operators.
diagrams other the gluon vacuum polarization. We argue that such contributions are inconsistent with the

One unambiguous procedure for carrying out such a reuncertainty principle.
summation is the method of “naive non-Abelianization”  The color-octet matrix element is inherently nonperturba-
(NNA) [9]. In this method, one resums the chains of quark-ive in nature. We do not calculate its contribution, which is
loop vacuum-polarization bubbles and then accounts for thef relative orderv®. Instead, we estimate the size of the
gluonic contributions by promoting the quark-loop contribu- contribution and treat it as an uncertainty in the calculation.
tion to By to the full QCD By. This method is a generaliza-  The remainder of this paper is organized as follows. In
tion of the BLM scale-setting method. However, as we shallSec. Il, we compute the contributions of the vacuum-
see, it leads to a very different numerical result. An alternapolarization bubble chains to all ordersdn. We re-arrange
tive method for carrying out the resummation is to resumthe real and virtual contributions to obtain manifestly infra-
both the quark-loop and gluon-loop vacuum-polarizationred finite expressions. In Sec. I, we discuss the contribu-
bubble chains in the background-field gaud®]. In this tions from the nonperturbative regions of small invariant
gauge, all of the corrections associated with the running ofnass, first for a single bubble chain and then for two bubble
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chains. We identify the nonperturbative contributions that re-
main after the contour-deformation cancellation with contri- I'H)=21Im >
butions to the matrix elements of a color-octet operator. Sec- c
tion IV contains a re-arrangement of the bubble—chair\NhereH is a hadronic state
contributions that is efficient for numerical evaluation. In We '
Sec. V, we present our numerical results, and in Sec. VI w
give a summary and a discussion of our findings.

f1(*So)

(HIO1(*S9[H), (22

can compute the short-distance coefficient
S Im[f4( 1S,)/m?] in perturbation theory by taking the state

H to be a freeQQ state. Then, Eq(2.2) becomed ' (QQ),
the rate for the annihilation of a free heavy-quark—antiquark
pair into gluons through the operatéy, (1S).
. . L At leading order in the heavy-quark—antiquark veloeity
In this section, we compute the contributionsRdrom  , yhe quark-antiquark center-of-mass frame, the amplitude
fche insertion (_)f any number of _vacuum-polanzatlon bubblesyr the decay of a heavy quark and antiquark in a color-
into the two quI—state gluons in the lowest-order Feynmarbir@et 15, state with moment@, andp,, respectively, into
diagrams forQQ—gg. two massive gluons with momenkaand|, polarizationsu
These contributions are obtained by cutting the diagramand v, and color indices andb, respectively, is given by
for the heavy-quark—antiquark forward scattering amplitude
through light-quark and gluon final states in all possible o= 1 5, 1
ways. A cut can pass through two vacuum-polarization Aan(Q )_\/TTr(TaTb)Z\/Eg € Wokp 2mcko+ k2’
bubbles, a final-state gluon and a vacuum-polarization ¢ (2.3
bubble, or two final-state gluons. We call such contributions
real-real, virtual-real, and virtual-virtual, respectively. Thesewhere g is the strong coupling constant, is an SU(3)
contributions are separately infrared divergent, but thecolor matrix in the fundamental representation, and the trace
Kinoshita-Lee-Nauenber¢KLN) theorem[11] ensures that is over the indices of th&U(3) matrices. In deriving Eq.
the infrared divergences cancel in the complete expressiof?-3), we have made use of the spin-0 projector, accurate to

II. THE BUBBLE-CHAIN CONTRIBUTIONS TO R

for the decay width. leading order irv:
A. The effects of bubble chains in the hadronic cross section E U(py1,51)0(—P2,S2)(s=0]s;S,)
S12:52z

In NRQCD, at leading order in, the decay of Q 'S,
state proceeds through the color-singlet operator 1+ v,
+me)—— ys(Po—me). (2.9

1

=——(p1 5
O1(*Sy) = ¥ xx ", 21 42m;
where i is the two-component Pauli spinor that annihilates ~ Taking the absolute square of the quantity in E2.3),
the charm quark ang' is the two-component Pauli spinor inserting vacuum-polarization bubbles in the gluon propaga-
that annihilates the charm antiquark. According to thetors, dividing by two for Bose statistics, and integrating over
NRQCD factorization formulg1], the contribution of this the phase space, we obtain the bubble-chain contribution to
operator to the decay rate in NRQCD is given by the QQ decay width:

2
2 IM K™ (x)]2 IMK™(y)]

— - d*k d*l 1
reQQ=29*Ce 2 f @ ko) f 2t 010 €K y€rguok (W

X(2m)* 8" (py+pa—k—1), (2.5
|
where is the amplitude for thenth-order contribution to the bubble-

chain gluon propagator. We also define the complete propa-

x=k?/(4m3?), (2.6  gator

=12/(4m?). 2.6 -
y=14me) (260 Kx)= 3 KM(x). 2.7
m=0

Aside from a polarization-tensor factor,
I1(x) is defined by

iIKM(x)=[—ill(x)]™ (2.7a

S
Amg(X+ie) I1,,,(K) = (kg ,,— k,k,)IL(x), (2.8
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wherell (k) is the amplitude for a vacuum-polarization we compare the left and right sides of Kg.2) to obtain the

bubble with external momentuknand polarization indiceg
andv. We note the useful kinematic relations

Ko=mg(1+Xx-y), (2.99
lo=mg(1—x+y), (2.9p
k?=12=m2(1+ x?+y?—2x—2y—2xy). (2.99
Using Eq.(2.5 and

(QQIO1('$y)|QQ)=2N, (2.10

d*k

T Bub ):g“C,: f—e(k )f—40(| N 1
e Ne¢ min=0 (277)4 0 (277)4 0 p€vou0 m

X(27T)454(p1+pz_k_|)<770|01(180)| 7]0)'

In the . width for decay into two gluong2.12), we
change variables by making use of EJ.6), which implies
that Xod koe(ko)=4m§dx 0(x) and Aodlo0(1p)

=4m3dy 6(y), and Eq. (2.9. We use the energy-
momentum-conserving functions to carry out the integra-
tions over the 3-momenta. Then, dividing by the decay width

into two photons,

327a?

_— 2.1
S (2.13

Fem(ne) = <770|Ol(180)| 7/c>v

we obtain the contribution t&:

“ (1dx [tdy
RBub— Rom;:() fo Zfo 52 Im[ 4m2K (™ (x)]
X 2 Im[AmZKM(y) 1F(x,y) 6(1— X —y),
(2.14
where
) _\\213/2
f(x,y):[l (X+y)+(x—y)?] (2.15

(1-x—y)?

In order to computeRB"? from Eq. (2.14), we need the

value of a single vacuum-polarization bubble. A standard cal-
culation of the light-quark bubble in dimensional regulariza-

tion yields
i
I1(x)= —asBo(bx”“~a), (2.16

where

short-distance coefficient

1 _
e TSI N CR &

C

1
zm{m So)

Then, taking the hadronic stakéin Eq. (2.2) to be thez,,
we obtain the decay width of thg, into two gluons in the
bubble-chain approximation:

2
2 IM K™ (x)]2 IMK™(y)]

m
(2.12
[
b=|1+¢€l —y+In4 +§+In w +0(€?) el
L T ’
(2.17a
5
a=l+e —'y+|n4'n'+§+C)+O(62).
(2.17b

In Eq. (2.16, we have renormalized the ultraviolet diver-
gence by subtracting the ultraviolet pole énand some as-
sociated constantg. now plays the role of an infrared regu-
lator (e<0). Cis a subtraction-scheme-dependent constant;
in the modified minimal subtraction schem#$), C=
—5/3. We note that the phase bfin Eqg. (2.173 and the
reality of a are exact to all orders ia. For the light-quark
bubble, Bg=—2n;/(127). However, in employing NNA,
we promoteg, to the QCD valueBy=(33—2n;)/(127).

An alternative to the NNA procedure is to compute the
vacuum polarization, including both the quark and gluon
contributions, in the background-field gauge. The motivation
for this approach is that, in the background-field gauge, the
logarithmic dependence on the renormalization sgalés
contained entirely in the vacuum-polarization diagrddfd.

In the background-field gauge, the vacuum-polarization con-
tribution still takes the form2.16). The coefficienta andb
are computed in Appendix A and are given in E47).

B. Decomposition into real and virtual contributions

It is convenient to separat®E“’ into real-real, real-
virtual, and virtual-virtual contributions. First, we make use
of the identity

Im(AB)=(ImA)B* +A(Im B) (2.18

to identify the real and virtual parts of a single propagator:
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1 Gy=Gor—G?
Im[4mZK (™ (x)]= - ——Im[ =i TI(x)]" 27 P2RT IR

. 1de ()1 ()1 0
—78(X)[—iII(0)]™.  (2.19 mnl X OYIRT)IR™(Y)

Then, we substitute this result into E®.14) to obtain

X (1 X~ f)—f 01 00

RBU=Ry(G, g+ 2GGr+ G2), (2.20
(2.26

f FOyI(y) .

where the three terms in parentheses correspond, respec-
tively, to the real-real, real-virtual, and virtual-virtual contri-

butions. Since the contributions from the regions of integration near

x=0 and/ory=0 are equal in the first and second terms in
Eqg. (2.26, G, is infrared finite. Then, using Eq$2.20,

GZR_mn ) flzd;xf f(x VIO (y) (2.23 and(2.26), we can write
—Vx=\y) (2.23) RBU= Ry(G2+G,). (2.27)

is the contribution to the amplitude from two chains of real . o o
vacuum-polarization bubbles. Each term in Eq(2.27) is infrared finite.
The quantityG is computed in Appendix B. The result is

1M (x)=—2 Im[ —iTI(x)]™ (2.22
1
is the mth-order contribution to the amplitude for a single G,= arctan g + 2 f dx g,(x),
real bubble chain with virtuality. masfo 5'80 2.28

where

GlR—E f A0 (229

is the amplitude for a single real bubble chain, integrated _i i i nzi _
over its virtuality and weighted with the heavy-quark and Gn(x)=lim —Zim[ =i11(x)] Imasfo(d

e—0
phase-space factor, with the virtuality of the other chain set
to zero. +im)]", (2.29
o and
G\,:mZ:O [—iII(0)]™ (2.24
d=Ilim Reb—a)le. (2.30
is the amplitude for a single chain of virtual vacuum- €0
polarization insertions. In the last term of E®.20, we
have used the fact th&{0,0)=1. In naive non-Abelianization,
C. Manifestly infrared-finite expressions
=In[ u?/(4m?)]-C, (2.31)

In computing the expression f&5 in Eq. (2.20), it is
useful to re-arrange the individual contributions to make the .
expression manifestly infrared finite. First, we define thewhile in the background-field gauge
guantity

1[67 5 3 5 w?

G1=Gg+Gy. (2.25 S Il SN S
1= 61rT by Bom| 12 18nf 4(§ 1) 3 C+In4m

2
C
SinceG, andGy, are the real and virtual contributions to a (2.32
single vacuum-polarization-bubble chain, the KLN theorem
guarantees thdsg, is infrared finite. We verify the finiteness By re-arranging Eq(2.26), we can obtain an expression
of G, by explicit calculation in Appendix B. It is also useful for G, in which every integral is separately infrared finite,

to define and, hence, we can taketo zero:
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- 1dx dy N I x
Gz=m;_1{—fo7<1—x>gm(x>f07<1—y>gn<y> deX'“ x—nt, 332

dx one might expect the terms in the series in BBj) to ex-
Im(X) hibit factorial growth, arising from the region of integration
nearx=0. In fact, a careful calculation shows that the fac-
torial growth cancels when one takes the imaginary part.
XJ dy WLy = (1=x)(1=y)] Factorial growth in a bubble-chain series is associated with a
oy InlyY 24 y renormalon singularity in the Borel transform of the series.
Explicit calculation of the Borel transform @,,, shows that
the renormalon singularity in the Borel plane vanishes when
X 0(1— \x— \/;,)] ) (2.33  one takes the imaginary pda].

It is useful, in understanding both the dependence on the
order of operations and the absence of factorial growth, to
re-write the expression fdb,, as a contour integral:

Equations(2.27), (2.28, and(2.33 are the basis for the cal-
culations in this paper. 1 =

Taking into account the. dependence od [Eq. (2.30], Gleﬁ > f dZ asBo[d—In(=2)]}". (3.3
one can verify straightforwardly thate(w)Gq(x) and o=t Je
ag(ﬂ)ez(#) areu independent if the running coupling con-
stant ag(u) satisfies the one-loop renormalization-group
equation

xa(\/;+\/§—1)+f

1
o X

The contourC runs fromz=1—ie to z=0 to z=1+ie.
Term by term in the series, we can, without encountering any
singularities, deform the contou€ into the contourC’,
which is a circle of unit radius, centered at the origin, and
traversed in the clockwise direction from=1—ie to z=1
(malop)ag(u)=2Bgag( ). (2.39  +ie. Along the new contou€’, the magnitude ot is never
small. Hence, the logarithm in E€3.3) is bounded, and it is
clear that there is no factorial growth in the series. Further-
Ill. THE NONPERTURBATIVE REGIONS more, the perturbation sum is now uniformly convergent, and

... we can interchange the summation and integration without
So far, we have treated the effects of vacuum—polarlzanor(ljucrecting the result. Hence

insertions as if they were entirely perturbative in nature.

However, we expect perturbation theory to break down in the

regions in which the gluon virtualities andy are near zero, _ 1 f dz 1 (3.4
. . . . . 1b v . .

and, for on-shell gluons, in the regions in which enerdies 2miJcr 1—asBold—In(—2)]

andk, are near zero.

Suppose, on the other hand, that we carry out the pertur-
bation summation before deforming the contour. Then we

A. Single bubble chain have

We begin by investigating the region of small virtuality 1

for a single bubble chain. That is, we consider the region of G/ =£Jldx|m
smallx in the second term d&; in Eq. (2.28, namely, S 1-aBo(d—Inx+im)

o 1 f q 1 35

= z . .
Gip= 21 deXgn(X) 2miJc 1= asBold—In(—2)]
e
12 1 If we deform the contour t&€"', then we encounter the Lan-
== J dxIm[agBo(d—Inx+im)]". (3.1  daupole at
Tn=1Jo
1
zoz—exp{d— aB| (3.6
Nearx=0, the Inx in G4, becomes unbounded, and the se- S0
ries fails to converge. Thls.means that,.ln pnnqlple, the resul}de we must include its residue in the result:
that one obtains by carrying out the integration before the
summation may be different from the result that one obtains 1 1
with the opposite order of operations. In fact, as we shall see, G/ :_.j dz + a .37
interchange of these operations does produce a finite differ- 27 Jorm T1-asBold—IN(=2)]  asBo
ence in the result.
Since Then, using Eqs(3.4) and(3.7), we have
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only sensible order of operations: the perturbation series is
(3.9 not convergent for small values of the dimensional regulator
e until one has canceled the infrared divergences by carrying
out the integration ovex in the real contribution and adding

Gry=Gly— —2
1b™ Y1b asBO.
The contribution from the residue at the Landau fate the real and virtual contributions order by order
second term in Eq(3.8)] is just the difference in results We must also consider the possibilit ythat Whe(y) is
between carrying out the integration before the summation ufficiently close to unity. the e%erg (ky) of t,he on-shell
and carrying out the summation before the integration. It y Y, the energy (Ko . .
displays an essential singularity in, and has the character- gluon may be too small to lie within the perturbative regime.

istic form of a power correction associated with a renorma—[Recall that, although we have written B@.1), for com-

. . . . actness, only in terms of it derives from expressions that
lon singularity. However, as we have seen, in this case, ther® y of P

is no renormalon singularity associated with the Borel trans'® symmetr!c in andy.] Let us, for the moment, set aside
form of the series. the contributions from the nonperturbative regions of small

The ambiguity in the result foB,, raises a question as to Iy (ko) by imposing a restriction on the region of integration:

which order of operations, if either, is correct. If we carry out
the integration before the summation, then the contour- 2
deformation argument shows that there is no contribution xy<(1- \/5) '
from the region of small virtuality. In this case, asymptotic

freedom suggests that the perturbation series is reliable. OHere,(S is a positive parameter that we take to be much less

the other hand, if we carry out the summation first, then the”‘?han unity, but not so small thamd@ﬁ is outside the pertur-

s no reason fo trust the res_ulting expr_ession: for fixed ) iive regime. Using Eq(2.9), we see that the restriction
sufficiently small, we are outside the radius of convergenc?cg) 9 implies that '
(3.

of the geometric series and outside the regime of asymptot
freedom. Indeed, the Landau pole in the summed series is
most likely an artifact of perturbation theory that would not 2o 2 N2 A2
persist in the true solution of QCD and, hence, the low- l Bmc(Z\/S 0)"~4mg4, (3.103
virtuality contribution from the residue at the pole is
spurioust Therefore, we conclude that the correct order of o 5 )
operations is to perform the integration first and then the k§=m2(2\/6— 5)*~4mZs. (3.100
summation.
We note that the procedure of integrating over the gluon
virtualities before carrying out the perturbation summation i

(3.9

S . . .
. As we shall see in Sec. Il C, the nonperturbative regions that
equivalent to the standard Borel-transform metfil for we have set aside in imposing this restriction yield contribu-

eUalualng e contion of a bubble i It et elhaCions of he form of ne.oop corectons fo he NRQCD
’ atrix element of a color-octet 4-fermion operator.

formed series, carries out the integration over the phase
space, and, finally, takes the inverse Borel transform. Since
the initial Borel transform renders the series convergent for B. Two bubble chains

all virtualities and absolutely integrable, one can interchange o quantityG, [Eq. (2.33] arises the from real-real con-

the order of operations, carrying out the integration first andjp, \tion of the bubble chains. Hence, both virtualitieand
then summing the Borel-transformed series. Furthermor%’ are nonzero. Furthermore, there are constraints andy.

':erm fby t?_rm in the tseru_ar?], thfe mteiﬁratlotn gndd BBoreI'IThe first term in braces is subject to the constrairt- \'y
ransformation commute. inherefore, ihe standard BOr€ls q. yhe second term in braces is subject to the constraint

t_ransform method is equivalent to carrying out thellntegra— X+ \y=<1. Owing to these constraints, one cannot imme-
tion, taking the Borel transform, summing the series, anddiatel apply the contour-deformation argument of the last
then taking the inverse transform. This, by the definition of y apply 9

the inverse transform, is equivalent to carrying out the inte-SUbseCtion to avoid the regions of small virtuality. For the
. 1S €q arrying first term in braces, whexis near unityy ranges from unity
gration and then summing the perturbation series.

In Appendix B, we have computed the first term@f in almost to zerd (1— /x)?]. One could write the integral over

Eq. (2.28 by performing the integration over before the y as a contour integral in the complex plane. However, the

. . _ _ 2 .
summation of the perturbation series. In this case, that is thlgwer end points are tied down gt=(1-X)?*ie, and,
hence, one cannot deform the contour out of the small-

region. For the second term in braces, wixes near unity,

INote that the situation is less clear in the present case than, chnen.y ranges from Z.ero up_ to a small numiet — \/;).2]'
example, in the analysis of thehadronic width, for which similar Agam, one could write the mtegra] ovgras a _contour mtel—
contour deformation arguments have been nfad The 7 width gral in the complex plane, but owing to the fixed end points
possesses a spectfiallen-Lehmani representation, which gives aty=(1— VX)2=ie, one cannot deform the contour out of
one some information about its analytic properties. The gluorthe smally region. We deal with this difficulty by setting
propagator, being a colored object, possesses no spectral repres@side, temporarily, parts of the region of integration by im-
tation. posing, again, the restrictiai3.9).
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For the first term in braces in E¢2.33), the restriction C. Contribution of the color-octet NRQCD matrix element
(3.9), combined with the constrainfx+ \/3—/21, guarantees

that Now let us discuss the nonperturbative contributions that
a

we have set aside by virtue of the restriction on the region of
integration (3.9). For the contributions that have been set
aside, we have either=(1—/8)? or y=(1—/8)2, but not
both, since this would violate the kinematic limjfx+ \y
Hence, thex andy integrations lie entirely within the pertur- <1. Hence, one of the final-state bubble chains is highly
bative regime. virtual compared to the momentum of the other bubble chain
For the second term in braces in E8.33, we may use or the relative momentum of_the incoming heaQ;Q pair.
the restriction(3.9) to decompose the region of integration as Therefore, we may approximate these contributions by
follows: shrinking the highly virtual bubble chain to a point, replacing

the bubble chain and i'@@ interaction vertices with a four-
(1- 32 (1- 32 fermion interaction. Corrections to this approximation may
J ' de dy 6(1— Vx—y) be taken into account by including four-fermion interactions
0 0 containing derivatives with respect to the heavy-quark sepa-
. Y rations. It follows that the contributions that have been set
= f(l”“s) dx J'(l”“s) dy 6(1—x—y) aside are actually one-bubble-chain corrections to the matrix
s s element of a four-fermion operator in thg state.
~ In NRQCD at leading order in, the four-fermion opera-
(1-43)? J ° (1-V3)? tor that arises when one shrinks a bubble chain to a point is
+ dx | dy+ | dx dy S
5 the color-octet, spin-triplet operator

X, Y= 6. (3.1)

+ j dx f "dy. (3.12 Os(®S1) =" o' Txx o' T2y (3.13
0 0

We now verify that the one-bubble-chain corrections to the
contributions of this operator t® do indeed reproduce, at
leading order irv, the contributions that we have set aside.
According to the NRQCD factorization formuld] the
contribution of this operator to the decay rate factors:

In the first term on the right side of E¢3.12), both integra-
tions lie entirely within the perturbative regime. In the sec-
ond term on the right side of E¢3.12), thex integration lies
entirely within the perturbative regime, while tlyeintegra-
tion does not. However, we can write thiéntegral, as in the
preceding subsection, as an integral over a contour running TBU( ) =2 Im
from 6—ie to zero tos+ie. We can then deform this con- 8 e

tour into a circle of radiusS centered at the origin that is

traversed in the clockwise direction frof-ie to s+ie. It 3
is easy to see that one encounters no singularities in th&Nere 1M fe( Sy)/m;] is the short-distance coefficient. By

integrand in performing this contour deformation. Hence, wenatching Eq(3 14) to the imaginary part of the amplitude in
conclude that there are no contributions to the second terrill QCD for QQ—QQ via a single bubble chain, one finds,
on the right side of Eq(3.12 from the region of smaly.  in the bubble-chain approximation, that

Similarly, for the third term on the right side of E¢3.12),

we can write that the integral as a contour integral and X [ a(3S)

fg(°S
% <7lc|08(381)| 7]0)! (3.14

deform the contour out of the region of smallFinally, for
the fourth term on the right side of E(B.12, we can write
both thex andy integrals as contour integrals and deform
both contours out of the region of small virtuality. Therefore,whereK(x) is defined in Eq(2.7).

}— —29%Im[K(1)], (3.15

C

we conclude that, once we have imposed the restri¢8d), The color-octet matrix element is fully determined by the
the contributions to the second term in braces in @3 NRQCD effective Lagrangian. It is nonperturbative in nature
lie entirely within the perturbative regime. and must be determined phenomenologically or through

Again, we shall find in Sec. Il C that the contributions methods such as lattice QCD. However, our aim here is to
that we have set aside by virtue of the restricti@r®) cor-  compute the perturbative contribution to this matrix element
respond to one-loop corrections to the NRQCD matrix eledin the bubble-chain approximation so that we can compare it
ment of a color-octet 4-fermion operator. We note that thewith the part of our perturbative calculation BF'° that we
contributions toG, that we have set aside, when treated inhave set aside.
perturbation theory, yield renormalon singularities. Such sin- In NRQCD, the one-bubble-chain correction to the opera-
gularities are a signal that the contribution cannot be comtor matrix element arises, in leading order in the heavy-quark
puted reliably in perturbation theory. In Appendix C, we velocity v, through the insertion ofr- B operators into any
compute the leading renormalon singularity that arises fromwo of the four quark lines. In the Feynman gauge, this con-
these contributions t&.. tribution can be written as

114008-8



RESUMMATION OF QCD CORRECTIONS TO THE. DECAY RATE PHYSICAL REVIEW D 64 114008

2

. d“k (axK); (— oxK), i
8 K ()
(m) / 1
C”‘EO 4IK (X)<—ko—k2/(2mc)+ie oma HIOCSIH). (319

The superscripi\ is a reminder that the NRQCD effective =~ Now we choose the cutofk on the matrix element to be
theory requires an ultraviolet cutoffl denotes a hadronic the hard cutoff

state.
The k, integral can be re-written by making use of the X<,
techniques of contour integration. Closing tkgcontour in 5
the lower half plane, we pick up the residues at the poles and y=(1-6)% (3.22

the discontinuities across the cutsK™(x). The contribu-
tion of these residues and discontinuities can be written i
terms of the imaginary part df(™(x). Then we have

Jfrrom Eq.(2.9), we see that this choice of cutoff corresponds

k?<4m2s,

- d*k
<H|08<3sl>|H>— = 2 G ko)
Me m=0 k2<[Kk%(4m,) + 2m.\/6— m 812 — k2. (3.23
X[—21m K(m)(x)] . _ . L
Then, symmetrizing Eq3.20) in x andy, we find that it is
1 precisely the contribution to Eq2.14) that is excluded by
X( 5 - the restriction(3.9).
—ko—k“/(2m,) +ie We conclude that the contributions that we have set aside
X (H| O 1SO)IH>. (3.17) by virtue of the restrictior{3.9) correspond to contributions
to the decay rate that are proportional to the matrix element

Using Eq.(2.9), we can replace integration variableg ~ Of the color-octet operataPs(°S;). In deriving Eq.(3.22),

andk with x andy. We note that we have dropped contributions of higher ordervinThese
could be taken into account by including the contributions of
dkod|k|?>=4m3dx dy. (3.18  higher-dimensional color-octet operators.

We note that the use of a hard cutoff in the color-octet
Making this change of variables in EB.17 and multiply-  matrix element, as opposed to dimensional regularization, is
ing by the short-distance quantity in E8.15, we obtain the essential in order to contain the small-virtuality contributions
one-bubble-chain correction to the rate: entirely within the matrix elemenft4]. These contributions
have an ultraviolet-divergent power behavior. In dimensional

Bub 27m§CF X ) regularization, power-divergent contributions are set to zero,
e (M) =— 7z 2 f 5 2 Im4mcK(1)] and, therefore, the small-virtuality contributions would be
L excluded from a dimensionally regulated matrix element.
X2 |m[4m§K(m)(X)]f(X’y)<H|Ol(lso)|H>’ Using EQ@s.(3.14) and (3.15, along with Egs.(1.3 and
2.13), we see that the contribution of the color-octet opera-
(319 {or 04(3s,) to Ris given by
wheref_(x,y) is de_flned in Eq(2.15, and we have used the , N (7 Os(3S)| 70)
approximate relation Rg=—2 Im[4mcK(1)]R, .
asCr < 7]c| O4( lSO)l 770>
k2 k2 (3.29
ko+_%ko_ y (32@
2me 2mc We note that, in the limit in which the dimensional regulator
which holds forky/m.<1. Dividing the rate in Eq(3.19 by € is taken to zero,
the decay rate into two photons in EQ.13, we obtain the asBom
contribution of the color-octet matrix element R¥!: Im[4mZK (1)]= (3.29

(1— agBod) 2+ m2a2Bs’

RBUb_ R f __y 2 Im[4m K(1)] In this paper, we will not comput®g, but, instead, will
8 0 treat it as an uncertainty in the calculation. The ratio of ma-
) trix elements in Eq(3.24 may be estimated by making use
X 2 Im[4mZK ™ (y)1f(x,y). (32D of the velocity-scaling rules for NRQCFL]. If we adopt the
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suggestion of Petrelket al. [14], and include, in addition to

. . . - asBo
the factors of the velocity, a factor 1/(2\.) in the estimate g(x)= >, ga(x)= — — 5 5.
of the color-singlet matrix element, then we obtain n=1 [1—asBo(d=InX)J"+ (asBom) 42
(76| Og( 351)| 7¢) N U_S (3.26
04(1Sy) 2N; ' Then, from Eq.(2.28, we have
<770| 1 e q
A one-loop perturbative estimate gives a result that is nu-
icall I to that in Edq3.26): 1 Ta 1 X
merically very close to that in Ed3.26) G1(5)=7m - arCtanl_aSIZOd+f _deg()()
(7] 08(3S0lme)  v3Ce e O T
1 -~ N . (327) (17 \‘33)2 ZO
(nc O1(*Sp)| ey TNe +f dx g(x)— . 4.3
0 asfo

In making numerical estimates of the sizeRyf, we will use
the expression3.27). ) _ _

The value of the color-octet matrix element depends onf N€ second term in Eq4.3) arises from applying the cutoff
the cutoff 8. In making the estimate8.26 and(3.27), one (3.9 to Gigrp [Eq. (B3)]. _ _
assumes that the cutoff, in terms of momentum, is of the The analysis of Eq(2.33 is somewhat more involved.
order of the dynamical scalew. On the other hand, we For the first term in Eq(2.33, the restriction on the region
would like to chooses so that nonperturbative contributions Of integration (3.9), together with the constrainx+y
arising from momenta less thanare contained in the color- <1, guarantees thaty= 5. Then the sums overandm are
octet operator matrix element, while contributions arisingabsolutely convergent, provided thatis sufficiently large
from larger momenta are contained in the short-distance cghat
efficients. We will assume that a momentum cutoff of order
;neve |:{sh;f[)n5|stent with these desiderata. From 8123, we ld—In 6+imagBy<1. (4.4)

2) 2 _ 52
k /m°$(2\/3 o). (328 For as=0.247, Eq.(4.4) requires thaté be greater than

0.0482 for the NNA value ofl [Eq. (2.31)] and greater than
0.0752 for the background-field-gauge value dfwith &
=1[Eg.(2.32]. Then, the convergence of the series and the
absolute integrability of the sums allow us to interchange the
summations and the integrations.
IV. EFFICIENT METHOD FOR NUMERICAL For the second term in Eq2.33, we decompose the
COMPUTATION region of integration according to E43.12. For the first
term on the right side of Eq3.12), the perturbation series
are absolutely convergent, provided that Egd) is satisfied,
and we can interchange the summations and the integrations.
For the second term on the right side of E§.12, the x
: : integration lies within the region of absolute convergence of
slowly. For example, for the second term in &R.33 with the series, but thg integration does not. However, one can

6=0.1 andas=0.247, it is necessary to compute through ) )
12th order inag in order to achieve an accuracy of about 3%_§pply the contour-deformation analysis of Sec. lil A to she

Furthermore, at high orders ia,, the integrand becomes integral, deforming the contour to a circle of radidsen-

strongly oscillatory, and the integral is difficult to compute ireignatmfh:bggﬁ:?é i%;gg: tgﬁcg]r?éea%odril:% l;ralllizc\{cv(;trgmir:he
numerically. It would be far more efficient if we could carry g g )

out the perturbation summation before integrating oxer the mtegrand .of.the sec_ond term in HE.33 contain no
andy. singularities within that circlg.It follows that we can inter-

We have already seen in Sec. Il A that, in the case gf change theg integration with the summations, provided that

we can carry out the perturbation summation first, providedNe add a compensating term that is proportional to the resi-

that we compensate by adding a contribution that is proporgue at the Landau pole. Similarly, for the third term on the

. : . right side of Eq.(3.12, we can interchange the integrations
tional to the residue at the Landau pole. Using E&sD), - : ; ;
(3.5 and (3.8, we can write with the summations, provided that we add a compensating

term to thex integral that is proportional to the residue at the
Landau pole. For the fourth term on the right side of Eq.

The choice §=0.1 yields k?/m2<0.28. For charmonium,
0.28 is very close to the average valuevdf Therefore, we
will use the value5=0.1 in our calculations.

The perturbation series in ER.28 is convergent. Once
we have imposed the restrictidB.9), the series in the first
and second terms of E@2.33 are also convergent. How-
ever, for reasonable choices 6f the series converge very

> fldx On(X) = fldx g(x) — %0 , (4.1) (3.12, we must add Landau-pole-residue terms to bothxthe
n=1Jo 0 asBo andy integrals in order to interchange the integrations with
the summations. Then, the various terms can be recombined
where to obtain
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(1-y5)2dx (1-ys2dy where ¢ is the gauge parameter for fields internal to loops.
Ga(0) =~ Jo 7(1—X)9(X)f0 v (¢=1 in the Feynman gauge.
We now evaluat&RR®S taking n;=3, choosingu=2m,,

X (1-y)g(y) 0(Vx+y—1) with m, the chzarm-quark pole mass, and usimg’(2m.)
=0.247+0.0127 We use Eqs(4.3) and(4.5) to computeG;
. (17»“‘75)2% () (1-3)? d_y v) andG,, respectively, with the cutof6=0.1.
0 x 9 y 9ty In the case of the NNA resummation, we obtain
2z G =167,
X[FOY) = (1=X)(1=Y)]0(1 = x = y) = — '
asBo
Gy"A=-0.64,
xf(lf”@)z X 0L (x20)— (1—x)(1—
0 % 900LT(x20) = (1=x)(1~20)] RNNAZ (3.01+0.30+ 0.34) X 10°, (5.5

72 where the first uncertainty iRNVA comes from the uncer-

0
+ QZ_L;Z[f(ZO'ZO)_(l_ZO)Z]- (45 tainty in ag(2m.), and the second uncertainty comes from
S0 the estimate of the uncalculated color-octet contribution
We have verified that the expressiofé.3) and (4.5  [Egs.(3.24), (3.25, and(3.27)], with v=0.3.
agree, within truncation errors, with numerical evaluations of In the case of background-field-gauge resummation, we
the perturbation sums fd, andG, through 12th order in take the gauge parametérto be equal to unity, since this
as. choice minimizes the size of the residual relative-ordgr-
contribution. Then we obtain

V. RESULTS G5C_1 g,
In order to combine our result from the resummation of
vacuum-polarization bubbles with the computation through G5Fe=-1.04,
order ag, we must subtract the part of the contribution
through relative order that is contained in the resumma- RBFC=(3.26+0.31+0.47) X 10°, (5.6)

tion. ExpandingG; [Eq. (2.28] through orderx, we obtain
where the uncertainties iR®® are as inRNVA,
Gi=1+aBo(l+d)+ . ... (5.7 There are additional uncertainties in our results that arise

from the dependences on the renormalization sgal&Ve
) expect the scale dependences in the resummed expressions to
a2 . Therefore, using Eq2.27), we see that we must subtract i i i

s ' &), : be considerably less than in the NLO expression. As we have
_RO[1+ 2aBo(1+d)]. We (_:onclude that the r_alé, includ- already mentioned,Ro(p,)[Gi(,u)+GZ(,u)] is invariant
ing the exact next-to-leading-order contribution and bubblgih respect to changes of scale at the level of one-loop
resummation of the higher-order contributions, is given by running of (). The remaining, unresummed termsRRes

The perturbation series fdg, [Eq. (2.33] begins at order

199 1372 8 are a §mal| fraction of the total expression and yield a corre-
RRE=Ry(){ G2(u)+ Gy )+ - 8 §nf> spondingly small dgpendence on the scale. If we evolve from
ag(2m;) =0.247 using the one-loop beta function, then we

ay(p) 2 obtain ag(m;) =0.327. Taking this value ofts(m;) and u

X +2ag(p) Bo| IN-——1—d(u) ] (5.2  =m, we obtain a 10.6% increase in the valueRdf** and

m amg a 1.8% increase in the value &®FC. At this value of

ag(m.), the inequality(4.4) is no longer satisfied for the
background-field-gauge resummation, and the perturbation
expansion no longer converges. For purposes of estimating
RNNA= RO(M)[[GTNA(M)]ZJr GV () the scale dependence, we assume GaandG, are given
by Egs. (4.3 and (4.5 and, therefore, thaRo(,u)[Gi(,u)
+G,(u)] is scale invariant.
: (5.3 Under three-loop evolution ofag(u), Ro(u)[G3(w)
+G,(u)] is no longer scale invariant, and, hence, the scale
while for the case of background-field-gauge resummation,
we have

For the case of NNA resummation, we have

37 137\ aq(p)
+(?_ 8 )

w

2We have obtained this value by evolving with 3-loop accuracy
137% g from agy(m;)=0.118-0.002, where m,=91.188 GeV is the
8 3 Z-boson mass, and using for tMS charm-quark and bottom-quark
massesmz"_sz 1.25+0.10 GeV andm'g"_s=4.2i0.2 GeV, respec-
, (5.4 tively [7]. The uncertainty ineg(2m.) includes the uncertainty in

as(M3) and the uncertainty in the value of; .

22—

RBFO= Ro(u>([G?FG<m]2+ GE () +

3 s
—5(52—14@—2%(#)/30#

v
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dependence is larger. Three-loop evolution frang(2m.) element is of relative ordar®, and it is treated as an uncer-
=0.247 yieldsag(m.) =0.350. At this value ofxg(m.), the  tainty in our calculation.

inequality (4.4) is not satisfied in either the NNA or A key ingredient in our analysis is the demonstration that
background-field-gauge resummations, and we again ashere are no contributions in which both gluons have small
sume, for purposes of estimating the scale dependence, thattualities or in which one gluon is exactly on shell and the
G, and G, are given by Egs(4.3) and (4.5). Taking the  other has a small virtuality. Such contributions, if present,
three-loop-evolved value afs(m;) andu=m,, we obtain a  would not correspond to an NRQCD operator matrix element
24.5% increase in the value 8"N* and an 11.9% increase and would be inconsistent with the NRQCD factorization
in the value ofR®7C. One could hope to reduce these uncer-program. We demonstrate the absence of such contributions
tainties further through a resummation of two-loop bubbleby writing the integrals over the virtualities of the off-shell
contributions. Still, they are already a significant improve-gluons as contour integrals and deforming the contours out
ment over the factor of 2.4 uncertainty from scale depenof the regions of small virtuality.

dence in the NLO result. One can understand this contour-deformation argument in
terms of the uncertainty principle. In the bubble-chain pic-
VI. SUMMARY AND DISCUSSION ture, away from the kinematic limits of maximum gluon vir-

tuality, the quarkonium decay produces two energetic gluon
We have studied the rati of the hadronic and electronic jets, each with energy of orden.. Consider the case in
decay rates for the heavy quarkoniupp. In R, the depen- which both gluons are virtual. That is, each gluon jet con-
dences of the rates on NRQCD matrix elements cancel ahins two subjets that correspond to the constituents of a
leading order inv. The relative-orderw? corrections also vacuum-polarization bubble. The mass of each jet ranges up
cancel. Consequently, renormalon ambiguities associateid a value of ordem,. Now suppose that the jets are ob-
with initial-state virtual gluons cancel at this level of accu- served inclusively, that is, without regard to their masses.
racy inv? [3,4]. Provided that neither jet has a mass near the kinematic limit,
The perturbative corrections ®that are associated with the virtual-gluon masses armdependentlyuncertain by
the running ofag account for most of the large one-loop amounts of ordem, and, according to the uncertainty prin-
correction toR. We have carried out a resummation of the ciple, the virtual gluons propagate over distances of order
leading corrections of this type, which arise from vacuum-1/m.. Hence, the NRQCD four-fermion annihilation vertex
polarization insertions in the final-state gluon legs. Our reds well localized, in accordance with the NRQCD factoriza-
sults are in good agreement with the experimental valle of tion formula. On the other hand, if one restricts the gluon
There is some arbitrariness in the choice of the resummedirtualities (i.e., x andy) to be small, then the gluons propa-
quantity. In this paper, we have used the NNA apprd&®h  gate over long distances, of order mj(yXx) and 1/(m.\y).
in which one resums, inth order, all contributions propor- Such propagation would delocalize the annihilation vertex.
tional to (asB0)". In implementing this method, one resums Hence, contributions from smatl andy must vanish in the
chains of quark-loop vacuum-polarization bubbles in gluoninclusive rate. The absence of singularities in the complex
legs and then accounts for gluon contributions by promotingjirtuality plane near the vacuum-polarization cut tells us that
the quark contribution tg, to the full QCD B,. An alterna-  there are no competing, nearly classical processes that would
tive to the NNA approach is to resum chains of quark-loopupset this uncertainty-principle analysis of the bubble chains
and gluon-loop vacuum-polarization bubbles in the in isolation.
background-field gauggl0]. This method is motivated by Note that this uncertainty-principle argument does not
the fact that, in the background-field gauge, all of the run-ule out contributions in which a gluon is exactly on the mass
ning of a is contained in the vacuum-polarization diagramsshell (unless the other gluon is virtual and at small virtual-
[12]. The two approaches give numerical results that agree aty). One should regard the on-shell gluon not as propagating
the level of the other uncertainties in the calculations. an infinite distance, but, rather, as following a nearly classi-
The sum of the vacuum-polarization-bubble terms is in-cal trajectory. Since the momentum and energy are uncertain
dependent of the renormalization-scale, at the level of théy amounts of ordem,, the positions and times in the tra-
one-loop running ofag. Hence, the renormalization-scale jectory are smeared by amounts of ordemd/ and one
dependence of our result is much milder than that of theagain reaches the conclusion that the NRQCD four-fermion
unresummed one-loop result. However, because of the arbannihilation vertex is localized to within i, [1].
trariness of the resummation procedure, it would not be cor- On the other hand, if the mass of one of the jets is near the
rect to conclude that the reduction in the theoretical uncerkinematic limit, then the masg@nd uncertainty in massf
tainty is proportional to the reduction in the scale the other jetis constrained kinematically to be small, and the
dependence. annihilation vertex becomes delocalized. As we have seen,
The final-state phase space includes integrations over th@iis kinematic region, in which one virtuality is near the
virtualities mﬁx and mﬁy of the final-state gluons. Near zero kinematic limit, yields long-distancédelocalized contribu-
virtuality, one is in a region in which perturbation theory tions that are absorbed into color-octet operator matrix ele-
breaks down and nonperturbative contributions may be imments.
portant. We have identified this region of low virtuality with  An interesting, and somewhat unexpected, feature of the
contributions to the NRQCD matrix element of a color-octet,bubble-chain contributions is that their values depend on
33, four-fermion operator. The contribution of this matrix whether one carries out the integration over the gluon virtu-
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alities before or after carrying out the perturbation summaexpansion for the contributioB(«) [Eq. (2.28] of a single
tion. The two orders of operations lead to results that diffefoubble chain, integrated over the gluon virtuality. In the
by an amount that has the characteristic structur¢-exp  NNA case we have
(asBo)] of a renormalon ambiguity. However, this difference
does not arise from a renormalon ambiguity since, in ourG,(2mg)=1+1.91ay(2m,) +2.4722(2m) + 0.97a3(2m,)
calculations, all of the renormalon contributions are absorbed
into the color-octetS; matrix element. Rather, the differ- —4.493(2m) — 11.7€(2m) + -+ (6.2
ence arises from the failure of the perturbation series to con-
verge in the region of small virtuality. The difference is as-We see that the individual terms in the expansiér?) are
sociated with the presence of the perturbative Landau pole inotwell approximated by those of a geometric series. There-
that region. We have argued, again using contour integratioripre, we would not expect the BLM method to reproduce this
that one should integrate over the virtualities before carryingesult accurately. Of course, before integration over the gluon
out the perturbation summation. Then one can deform convirtuality, the bubble chairs a geometric serieEq. (2.7)],
tours out of the region of small virtuality and the resulting with a ratio between terms of i11(x). However, in order for
perturbation series is reliable. On the other hand, there is nthe bubble-chain contributions, integrated over phase space,
justification for summing the perturbation series first: at suf-to be close to a geometric series, we must have
ficiently small virtuality, one is outside the radius of conver-
gence, and the series is unreliable. We have argued that the ([TI(x)]™)y ~(TT(x))", (6.3
order of operations in which one carries out the integration
over the gluon virtualities before carrying out the perturba-where the angular brackets denote averaging over phase
tion summation is equivalent to the standard Borel-transformypace, with the other factors in the integrand Rras a
method for evaluating the contribution of a bubble chain. weight. The relatior(6.3) holds only if the integration over
For ag evaluated at the scalg=2m; and for typical the virtualityx is highly peaked. Hence, we do not expect, in
values of the cutoffs, the perturbation series, after integra- general, to obtain a geometric perturbation series. We note
tion over the gluon virtualities, converges very slowly. Fur-that there are generalizations of the BLM method that take
thermore, the integrands in high-order terms oscillaténto account higher-order deviations of the perturbation se-
strongly and are difficult to evaluate numerically. Therefore ries from a geometric seri¢45] and that may reproduce the
we have devised a more efficient method for numerical comeffects computed in this paper.
putation in which one carries out the perturbation summation Finally, we remark that the methods that we have devel-
before the integrations over the gluon virtualities and theroped in this paper can be applied to a variety of processes to
makes corrections to account for the interchange of the ordeesum large final-state corrections associated with the run-
of limits. ning of @g. The methods are most directly applicable to
Our numerical result forR is much smaller than that computations in NRQCD, but with small modifications, they
which one obtains by applying the BLM scale-setting are also applicable to computations in full QCD. The princi-
method to the next-to-leading order calculatiofihis may  pal change in the method that is required in the latter case is
seem surprising, since the BLM method is designed to reto absorb nonperturbative contributions into QCD matrix el-
cover the effects associated with the one-loop runningsgf  ements, rather than into NRQCD matrix elements. In gen-
to the extent that the can be taken into account through aral, there are contributions that are associated with the run-
change of renormalization scale. The effects of a change afing of «; in initial-state virtual gluons, as well. Such initial-
scale inag can be expanded in a perturbation series. At onestate contributions also contain nonperturbative pieces
loop accuracy in the running afs, one obtains the geomet- that must be absorbed into operator matrix elem&htew-
ric series ever, the bubble series begins at relative owderinstead of
relative orderag.

agp')= as( )
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bgl (12 b s
ENG-38. 50 9Nk, &) = —i(k°g,,, —k,k,) 6% ECA<—_k2—_ie)
I'3—¢)
APPENDIX A: THE GLUON SELF-ENERGY IN THE XiT(e)['(1—€)| =————
BACKGROUND-FIELD GAUGE I'(4=2¢)
At one-loop level, a gluon self-energy receives contribu- _ I'(1-¢ + 1(52_ 1) (A3)
tions from gluon, ghost and quark bubbles. The value of a rz-2e¢| 2 '

gluon bubble depends on the choice of gauge. In this Appen-
dix, we describe the calculation of the gluon self-energy in  The contribution of a ghost bubble to the gluon self-
the background-field gaudéo0]. energy in the background-field gauge is

In the background-field-gauge method, the gauge field is
separated into an external field or background field, which ., ghost ) — g2, 2efacdbde d®°p (2p+k),(2p+k),
appears only in external lines of a Feynman diagram, and anluv )=gsu (2m)° p2(p+k)2
internal field, which appears only in loops of a Feynman

diagram. The gauge of the internal field is fixed, but that of o bmp? \€
the external field is not. Hence, the action is explicitly gauge =i(k?g,,—k,k,) P CA<—2—.)
covariant with respect to the external field, and the 2m —ko-ie
background-field-gauge method maintains explicit gauge co- T(e)T(1—e)T(2—¢)

variance with respect to the external field in each step of a
calculation. In the background-field gauge, all of the loga-
rithmic dependence on the renormalization scale that is as-
sociated with the running of the coupling constant is con
tained in the gluon self-enerdyt2].

In the R, class of Lorentz-covariant background-field  yabquarky_ _ 42n  2ep(TaTh)
gauges, the gauge of the internal fields is specified by the — *” S
parametek, with £=1 corresponding to the Feynman gauge d®p T (p+K) y.b7.]
[12]. In the background-fiel®, gauges, the contribution of a X j D > >
gluon bubble to the gluon self-energy is given by (2) p(p+k)

T(4—2¢) (A4)

The contribution ofn; massless quarks to the gluon self-
‘energy is

. as[ dmu? \€
1 d®p N,,(p.k,&) :_'”f“@gw"‘ﬂkv”ab?( —k2—ie)
I35 910k, &) = - —giuszacdfdeJ TR
: 2 (2m)° p*(p+k)? T(e)[2(2—¢) N
(A1) [(4—2¢) (AS)
where Adding Egs.(A3), (A4) and(A5) and subtracting the pole

in € that corresponds to an ultraviolet divergence, along with
an associated constant that depends on the renormalization

N, (P.k,&)=1(2p+K) ,G0apT 2KoT, 5~ 2K 5T scheme, we obtain the expression for the renormalized one-
a a . . loop gluon self-energy:
_g l
F g PG pﬂg““]] 125k, £) =i (K29, — K k,) 9°°Boas ((bX “~a),
(A6)
X (2p+k)vgyﬁ+2kygvﬁ_2kﬁgvy
where
=€ I'(1+e) TX1-e) |(C I'2(2—¢)
+T[( +p)ygv6+pﬁgvy] b= C A [
Bom | AT(2-2¢) \ 2 " TT'(4—2¢)
+k)*(p+k)” €
% gav_(l_g)w - Cae W—;LZ
2 (&°-1) 7
(p+k) 4Bom “misie
p°p’ 1/67 5 3
x| g#—(1-¢) 1 (A2) _ _ il I
p2 1+| —y+Indnm+ 12 8™ 4(§ 1)
2
A straight_forward calculation, using Feynman parameter in- +In-——>|e+O(€?) | '™, (A7)
tegrals, gives me
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n

5 o n 1
a=1+|—vy+Indm+ §+C e+0(€), (A7Db) Girp=— p E ( Sfrol) |m2 Z(—a)mmp—g)m
n=1 ¢ m=1M
Bo=(33-2ny)/(12m), x=p%(4mi), and C is a 1 > (—asBoa)" T L o e
renormalization-scheme-dependent constant. In M8 mTh=1  e"t? a n+ll a
schemeC=—5/3. Now, in Eqs(A6) and (A7), € plays the
role of an infrared regulatore<0). +0(eM?)
APPENDIX B: COMPUTATION OF A SINGLE " (—agBoa)"
BUBBLE CHAIN =—2
n=1 €
In this Appendix, we compute the real and virtual contri- "
butions from a single bubble chain. We consider first the real N 1 > 1 1 | - “+O B4)
contribution. From Eq(2.23, we have maBeion sfo (e), (

where, in the last line, we have used the fact that the phase of
b, exact to all orders i, is 7e. In the last line of Eq(B4),
the first term contains infrared divergences, and, since
b—a~e, the second term is infrared finite.

From Eq.(2.24), we see that the virtual correction from a
wheree<0 is an infrared regulator. The two terms in paren-single bubble chain is
theses have different infrared behaviors. The contribution of
the second term contains infrared divergences, which appear (—agBod)
as poles ine. The contribution of the first term is free of Gy= Z —_— (BS)
infrared divergences, and so we can takeO in the inte- =t €

grand. Thus, the contribution of the first term can be writtenr o tarms in Eq(B5) with n=1 exactly cancel the the in-

n

as(bx‘f— a)| , (B

1 1 1
GlR:;n; " 1=~ |im =~

as frared divergences in the first term of the last line of Eq.
(B4). Then=0 term of Eq.(B5) and the remainder of Eq.
(B4) combine to give
GlRa j Xmm[aS,Bo |nX+|7T)]n (BZ) b a
Gle+ GV:’]TC(S o |m|n 1_aSBO_
whered is defined in Eq(2.30. 1 masBo
Now let us evaluate the second term in parentheses in Eq. = m arctanm. (B6)
(B1). It can be written as sPo S0
Combining Egs(B3) and (B6), we obtain
Gmb:—i > (asPo)’ |mf d—x(bx’f—a)” G1=Girat Girpt Gy
T n=1 e o X
= ! arctan mesBo
TasBo 1-ayBod
(asﬁo)” [(by—a)"—(—a)"]
== 2 d b N
o1 N+l (by—a)—(—a) + = 2 dxlm[as,Bo(d Inx+im)]". (B7)
(as,BO) 1 APPENDIX C: RENORMALON IN THE SHORT-DISTANCE
== E dyb COEFFICIENTS
T h=1 €n+l

In this Appendix, we compute the leading renormalon sin-
gularities in the Borel transforms of the short-distance coef-
ficients of R> We consider the expressions 6, and G,,
Egs. (2.28 and (2.33, without the cutoff(3.9). Once the

n—1

X 2, (—a)" " D(by—a)", (B3)

where we have made a change of integration variable
=X"¢, and, in the second line, we have used the factahsat SFor reviews of the properties of renormalons and Borel trans-
real. Carrying out the integration ovgr we obtain forms, see Refd.2,4].
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cutoff (3.9) has been imposed, the renormalon singularities]

are absent ilG; andG,.
The Borel transform of a functiof «) that has a pertur-
bation expansion

f(as)=n20 anal

(CD
is defined by
BLf](u)= a05<u/ﬁo>+2 = 1),<u//so>“ L (c2

The renormalon singularities in the Borel transform are those

PHYSICAL REVIEW D64 114008

1dx
EB[GZJ<U>~—ﬁoJO7<1—x>8[asg]<x.u)
! dy 1dx
XJ’(l\?)27(1—y)+[30j0TB[aSg](x,u)
fo(l . yIf(xy) (1-x)(1-y)], (C4
where

Blarsg](X U)=E Im(x~Vgdutimuy
° ’ a

that arise from the bubble-chain sum, and the leading singu-

larity is the one that appears at the smallest valua. of

Renormalon singularities can arise from the ultraviolet or

infrared regions of momentum integrals. SinceRirthe vir-

=x"Yesin(7ru). (C5)

tualitiesx andy are bounded by unity, there are no ultraviolet An analysis of the integrations ovglyields the leading con-

renormalons. We have arguéd Sec. Il A) thatG; receives

tributions forx small. Inserting these results into EL4),

no contributions from the region of small virtuality. Hence, it we have

contains no renormalons. We have also arglire&ec. Il B)
that G, receives no contributions in which boxhandy are
small. Therefore, the renormalons@j, can arise only from
the regionsx—0 andy~1 ory—0 andx~1

We consider the regior—0 andy~1 and multiply our

result by 2 to account for the contribution of the second

region. In this region, in the expressid®d.33, we can ap-

proximateg,(y) by g,(1). Corrections to this yield behavior

in x that is subleading as— 0. Furthermore, thg,,(1) yield

1dX 3/2
EB[Gz](U)”_ﬂojo ~ (1= X)Blagg](x,u)(2/3x
1dx
+Bof078[asg](x,U)3xln X, (Co)

where the first and second terms on the right side of(E6)

a convergent series, and, so, we may carry out the BoreJorrespond to the first and second terms, respectively, on the

transform term by term. From the relation

1 (u
B[asf](u)=%Jodu’B[f](u’), (C3

we see that the leading singularity in the Borel transform of

G, must come from the leading power of; in the terms
0n(1): theintegration on the right side of EC3) weakens
the singularity as the power afg from theg, (1) increases.
Therefore, we retain only the leading tegq(1)= a¢B, to
obtain

right side of Eq.(C4). Then, a straightforward calculation
gives the leading renormalon singularity for each of the two
terms in Eq.(C4):

sin(u)
(1-u)?|’

:80 du

BIG, ()~ e _Seinmy)

3 3-2u

(C7)

where the first and second terms on the right side of(Ed)
correspond to the first and second terms, respectively, on the
right sides of Eqs(C4) and(2.33.
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